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Introduction
Assume Z, U and Y are Hilbert spaces. Consider the evolution equation on Z (1.1) where u(t) is a U-valued control function, A is the infinitesimal generator of strongly continuous semigroup S(t) on Z, and B E X(U,Z).
The Y-valued observation function y is given by
We assume that the solution of (1.1) is given by C E X(Z,Y). We interpret the equation (1.1) in the mild sense;
( (1.5) (A*n + n4 -nBB*n + C*C)z = 0 for all z E dom(A) , and the optimal solution uo to (1.4) is given by uo(t) = -B*n T(t)zo where T(t) is the strongly continuous semigroup generated by A -BB*n and it is uniformly exponentially stable. (2) ( A , C ) is detectable if there exists a n operator. G E X(Y,Z) such that A -GC generates a uniformly exponentially stable semigroup.
The purpose here is to construct a finite dimensional approximation of the optimal feedback gain operator Ben. Then consider the Nth approximating problem of (1.4)
where SN(t) = eA t, t 3 0. Then the optimal control uN of (1.6) is given Remark (1) Suppose BN = PNB and CN = CPN. Then (H2) holds since i t follows from (HI) that PNz + z for all z E Z.
(2)
The assumption (H3) is closely related to the preservation of exponential stability under approximation in [3,Conjecture 7-11 and i t is shown
is satisfied for parabolic systems using the Galerkin approximation.
(3) for some K E X(Z,U) and G E X(Y,Z) such that A -BK and A -GC generate uniformly exponentially stable semigroups on Z. Since nN is self-adjoint, nonnegative definite, this implies that IIllNII d 13.
By the variation of constants formula for all z E dom(A*).
Converpence Rate
In this section, we assume that (Hl) This implies EL2 C dom(A) is the maximal regularity.
Hence we will modify the arguments i n Section 3 to improve the formula (3.8)-(3.9) for this example. First we note that in (3. The integration of this inequality with respect to t yields Now the lemma follows from Theorem 2.1.
Q.E.D.
It then follows from Lemma 4.1 and (4.8) that
N-N N *~N
Similary for e ( A )t , t 3 0. Therefore we obtain, using (3.6) and for some constant k.
4.2
Hereditarv Differential Systems Consider the hereditary differential system in @;
x(t) = Aox(t) + Alx(t-r) + (Hl)(ii) is proved in [3] . Using the arguments in [5], [7] one can show that (H3) is satisfied (Le., (i) is straightforward but (ii) is not so). Thus, the formula ( In this paper, we consider the linear quadratic optimal control problem on infinite time interval for linear time-invariant systems defined on Hilbert spaces. The optimal control is given by a feedback form in terms of solution n to the associated algebraic Riccati equation (ARE). A Ritz type approximation is used to obtain a sequence nN of finite dimensional approximations converges of the solution to ARE.
A sufficient condition that shows ' I I strongly to ' I I is obtained. Under this condition, we derive a formula which to IT. We demonstrate can be used to obtain a rate of convergence of IT and apply the results for the Galerkin approximation for parabolic systems and the averaging approximation for hereditary differential systems. 
